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Table 3 Observed distribution of men and women in the
London sample of NSSAL in relation to numbers of
sexual partners in past month

No of opposite sex partners in past month

Gender 1 2 3
Men 685 18 3
Women 796 18 0

also available from the NSSAL. This study
included a random sample of men and women
aged 16-59 years living in Great Britain. The
distribution of men and women living in
Greater London who had had only same sex
partners in the last month from this sample is
shown in table 3.

The model

Having identified and presented the empirical
data which are available to us, we now develop
expressions for the elements of the mixing mat-
rix for the wider population from which the
individuals presenting to our clinic with gonor-
rhoea infection are drawn. We follow the de-
terministic compartmental framework for a
heterosexual model outlined by Garnett and
Anderson'? following Hethcote and York. We
have, however, dropped the assumption of
movement of individuals in and out of the
sexually active population for simplicity’s sake.
We have revised our notation from our previous
papers to be consistent with that used by Gar-
nett and Anderson.

THE BASIC MODEL

The population comprises numbers of both
susceptible uninfected individuals (uninfecteds)
(X and infectious, infected non-susceptible
individuals (infecteds) (Yy) of sex k and sexual
contact rate stratum i, where contact rate
stratum is defined by the rate of acquisition of
new sexual partners (sexual contact rate). The
total sexually active population is taken to be
of size N, and the total number of individuals
of sex k in activity class 7 is denoted N,;. The
parameter 3, represents the probability of trans-
mission from sex &’ to sex k per new contact.
The parameter ¢ is the rate of acquisition of
new sexual partners (sexual contact rate) of
sex k in activity stratum ¢. The parameter py
represents the proportion of new sexual part-
ners acquired by sex & in activity stratum i,
which are of the opposite sex k& and activity
class j. The parameters py; are the elements
of the mixing matrix for the population. The
parameter v, is defined as the rate of recovery
from infection in sex k. Two constraints are
placed on the system of parameters:

pkij=1 1)

-

1

]
where 7 is the number of activity classes, and
further that:

PrikilNK = PrjiciiNij- @)

The model gives a system of differential
equations for the rate of change of the number
of infecteds (Yy) and uninfecteds (Xj;) as:
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. n Y..
Yii = PuciiXi Z pkijN—k’ —v Yy 3)
i=1 Kj

and

n Y. .
Xm—VkYm BreiXii Z Pank

C))

Where the infection is in endemic equi-
librium, which we define to mean that Y=
Xi=0 for all activity class/gender com-
binations, then the incidence is constant over
time and equal to the recovery rate. Thus we
can write from (4):

Yy

N, (5

=—Bkclekl i pku

where Y,;is the number of infecteds at equi-
librium. (Henceforth all terms Y, X, and N will
be used to denote the values of the variables
at equilibrium.)

EXTENDING THE BASIC MODEL

As we have explained in the introduction, we
want to estimate the mixing matrix p for the
population. We presented data in table 2 which
describes mixing patterns in gonorrhoea trans-
mission pairs, but mixing among these people
is likely to be quite different from that in the
wider population. We will extend the basic
model in order to allow estimation of p from
these data.

From equation (5) we can express the num-
ber of prevalent cases occurring in stratum
ki which were acquired through contact with
stratum £’j. We denote this number ,;Y,;.. Thus

K Y= —BkaXhPm Yk, (6)

We define a prevalent gonorrhoea trans-
mission pair as an individual with current in-
fection, paired with the sexual partner from
whom the infection was acquired. If all trans-
mission pairs in the population were known at
any time, then the number of these pairs which
comprised an individual in stratum k: together
with an individual in stratum £’j (which we will
denote M,y is simply equal to the sum of the
number of cases occurring in stratum k¢ which
were acquired through contact with stratum k&7,
and the number of cases occurring in stratum
k’j which were acquired through contact with
stratum ki. These are given in (6) as ;Y}; and
« Yi; respectively. Thus:

Mg =i Y+ Y )

Yo, 1 Yo

Mkik’i= Bkcluthlu) X + Bk'ck XiiPriing N,
(®
now from (2) we have py;= M therefore

Cik'j Mk)
Yoo 1 Yo
My, = Bkcthupkn N: +— Bk i XwiPrig N,

')
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which we can rewrite as:

_ iy v B Yo B X
th',—Ph,Nijth v Yki+vk’ X,

(10)

Estimating the mixing matrix for the
wider population from the empirical

data

ESTIMATING THE PARAMETERS AND VARIABLES
Examination of equation (10) allows us to
identify the parameters and variables which
must be estimated empirically to permit the
solution of this system of equations for the
parameters py; for sex k=m as men and K’'=f
as women. All rates are defined as per month.
Average estimates of B, and Py, v, and v; are
taken from the literature? as B, =0-6, f;=0-8,
Vm=V;=1 (that is mean duration of infectivity
in men and women is one month, which we
believe is a reasonable estimate in our popu-
lation). We need estimates of the values M.
In addition we need information about terms
involving Y, X, and N for people of both sexes
and all contact rate strata. The sensitivity of
the terms py; to variation in the values of these
parameters is considered in the appendix. We
have taken c; as the number of sexual contacts
in the last month as reported to the health
advisor or the NSSAL.

Estimating mixing in transmission pairs (M.s)
Assuming that the gonorrhoea transmission
pairs, identified through clinic contact tracing
in our GUM clinic, are a random sample of all
such transmission pairs within the population
(M) from which cases are drawn, then our
observed numbers of pairs (which we denote
M) which are shown in table 2 will be a
fraction of M,,;; which is constant across all mi
and fj. Thus:

OMyyi5 = Mopi (11D

where a is reciprocal of the sampling fraction.
Thus from (10) we have:

Cmi B Y Bf X
mifjy — Pmij XmiYmi—m'—ﬁ =8
U Tlmis =P ’ﬁﬁ Vi Yo * Ve X

(12)

Estimating terms involving Y, X, and N
The data relating to cases of gonorrhoea which
we presented in section 2 are based upon at-
tendances at a single GUM clinic. Because we
do not have adequate information on the size
of the population in which these cases are
occurring, we cannot estimate X and N. How-
ever, it will be seen in the next section that we
can solve (12) for p using only estimates of the
ratios (Y,/Y5), (Xu/X5) and (N,/Nj).

The distribution of the whole sample of men
and women atttending with gonorrhoea in-
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fection between January 1988 and December
1993 across sexual contact rate strata is shown
in table 1 above. If we denote the elements of
this table y,,;, y; and assuming that these cases
are an unbiased sample of all such cases pre-
valent in the population at any time, then (Y,,/
Yj) is estimated by (Vmi/y5). Stratum i therefore
consists of individuals who have had 7 sexual
partners in the past month.

The relative size of the sexual contact rate
strata in the population from which the go-
norrhoea cases are drawn (N.,/N5) can be dir-
ectly estimated from the London sample of the
NSSAL. The distribution of the entire London
sample is shown in table 3 above. Since the
prevalence of gonorrhoea may be expected to
be small, even in the high contact rate strata,
(N./Njg) can be taken as a reasonable estimate
of (X./X5) in all cases. We have applied a
constant multiplier of 1-14 to these ratios to
make the total number of sexual contacts con-
sistent between men and women.

ESTIMATING THE MIXING MATRIX

Given the estimates of the parameters and
variables which we have made, the system of
equations (12) reduces to a system of ixj
equations in ¢ X j+ 1 unknowns, that is, p,; and
a. However, equation (1) allows us to reduce
the number of unknowns by i, leaving the
equations overspecified.

We can easily solve the equation (12) for pp;
for the case where we have only two sexual
contact strata among women. If we write equa-
tion (12) separately for sexual contact pairs
comprising men in stratum 7, and women in
strata 1 and 2 we have:

Cmi Bm Yo B e, Xn

il = Pmilnrmi Ymi| — "ot o

OlM i) Pmi1 A mi m'(vm Ymi+vf Xmi
(13)

Cmi Bm Yfz Bf Xm

mif2 = mi—XmiYmi_.— Ve

OMpir, = P 2Nf2 (Vm Ymi+vf Xomi

(14)

Dividing (13) by (14) and eliminating a,
X, and Y,; and substituting ppip= (1 — Pmi1)
(because there are only two female sexual con-
tact rate strata) gives:

pmi1=
mmifz'& ﬁm‘&_,’_&‘Xﬁ
My Np ||V Y v Xoi

&.Yfz Be Xe
o Vv X (!

(15)

Then all the remaining elements (p,;) of the
population mixing matrix can be calculated
from equations (1) and (2).
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Table 4 Estimates of the elements of the mixing matrix
and expected values on proportional mixing assumption for
male and female sexual activity classes

Expected value
Empirical on proportional
p estimate mixing assumption
Men:
Pmi1 0-96 0-96
Pmi2 0-04 0-04
Pmz21 0-88 0-96
Pm2z 0-12 0-04
Pm31 0-94 0-96
Pmiz 0-06 0-04
Women:
Pt 0-94 0-94
Priz 0-05 0-05
Pas 0-01 0-01
Pei 0-91 0-94
P2 0-13 0-05
Pes 0-02 0-01

Stratum ¢ consists of individuals who have had i sexual partners
in the last month.

We have used the empirical data presented
above to solve equation (15) and have thence
derived an estimate of the elements p,,; which
form the mixing matrix of the population from
which the gonorrhoea cases are drawn. Stratum
7 consists of individuals who have had 7 sexual
partners in the past month. This matrix is
shown in table 4.

It is important to note that because these
estimates are derived from overspecified equa-
tions and empirical data the results are not
guaranteed to be self consistent (that is, an
exact solution may not be possible). There are
a number of ways that we could have chosen
to solve the equations, and these will result in
a family of different solutions. The extent to
which these solutions differ will reflect the
extent of inconsistency in the equations.

Our method for the solution of these over-
specified equations was chosen for algebraic
convenience. We took the pairs of equations
(13) and (14) for i=1, 2, and 3, and, having
substituted p,;; for p.;; in (14), eliminated a
independently for each level of i. A con-
sequence of the overspecification is that the
estimate of o we obtain by substituting p,,; and
Pmiz back into (13) or (14) is different for each
of these levels. An additional consequence is
that %pﬁ,v is not guaranteed to be unity as re-

quired by equation (1).

To assess the extent of any inconsistency we
have calculated values of a (the reciprocal of
the notional sampling fraction of transmission
pairs) by back substitution, as explained above,
and obtained values 12-9, 10-5, and 12-5. The
reasonable agreement between these three val-
ues, together with the fact that our estimates
of pg; given in table 5 are reasonably consistent
with equation (1), leads us to believe that the
family of possible solutions will all be similar.

There is tentative evidence of assortative
mixing in the estimates of p for the men and
women who have had more than one sexual
partner in the past month. This is shown by
the fact that the p,,, and pg, are smaller than
expected from proportional mixing, while p,,
and pg, are larger than expected. A discussion
of the sensitivity of p both to errors in our
estimates of the model parameters and to sam-
pling error in our observed data is provided
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in the appendix, together with estimates of
confidence intervals of p.

Discussion

We believe that our findings represent the first
report of an attempt to derive a sexual mixing
probability matrix for the wider population
from which individuals with gonorrhoea in-
fection are drawn, directly from information
derived from contact tracing programmes. We
have elaborated a theoretical framework for
accomplishing this and shown that the results
are both plausible and consistent when the
framework is applied to real data derived from
both routinely collected contact tracing data
and a population based sexual behaviour sur-
vey. We believe that the approach we have taken
is applicable to endemic sexually transmitted
diseases in general. However, the adoption of
our combined theoretical/empirical approach
demands close scrutiny of both theoretical as-
sumptions and potential biases in the empirical
estimates of the variables and parameters of
the model.

The key assumptions of our use of the Yorke
Hethcote model are that gonorrhoea infection
is in a state of endemic equilibrium over time.
That is to say that the overall incidence rate of
infection is equal to the rate of recovery of
infected cases. Furthermore, it is assumed that
the incidence rates within the individual sexual
contact rate strata are also stable over time and
that the system is non-oscillatory. An additional
assumption is that the transmission prob-
abilities and recovery rates for men and women
are constant over sexual contact rate strata and
over time. Over the period for which we have
collected data, the rates of presentation of go-
norrhoea cases to our own clinic and to others
in the area have remained relatively stable, as
has the distribution of cases among different
contact strata. While we have no information
concerning the stability of the transmission
probabilities over the period of observation,
there have been some changes in the dis-
tribution of gonococcal isolates across sero-
logical types of gonococcus which emphasise
the need for caution. Furthermore, changes in
condom usage over time might have had a
significant influence on transmission prob-
ability. However, our estimates of population
mixing matrices are not particularly sensitive
to changes in this parameter. The model further
assumes that all individuals within a particular
sexual contact rate class have the same prob-
ability of making contact with an individual
from any particular sexual contact rate class of
the opposite sex. This assumption may well be
incorrect. However, further attempts to meas-
ure sexual networks directly will be required
before this can be adequately assessed.

To derive our estimates of the mixing prob-
abilities we have used empirical data drawn
from contact tracing information collected by
health advisers. The potential biases in these
data have been well summarised by Granath et
al'® and we will focus here on the particular
problems which relate to our own data. One
key assumption which we have made is that
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the individual cases of gonorrhoea which present
to our clinic are a random sample of all such
cases within the population and that they are
distributed across sexual activity classes in ex-
actly the same proportions as for all cases in
the population served. In addition, we have
assumed that the gonorrhoea transmission pairs
which we have identified represent a random
sample of all such transmission pairs from
which the cases are drawn. While we feel reas-
onably comfortable with the first of these as-
sumptions, there are a priori reasons to suppose
that the second may not be correct. In par-
ticular, we may have been more likely to have
identified contact pairs where both individuals
would naturally tend to attend our clinic due
to the proximity of their homes or work, or
where individuals fall into lower contact rate
strata, because they are less likely to have at-
tended elsewhere already as a result of contact
tracing from further up the chain of trans-
mission. We have no direct evidence that this
is the case, but are seeking to compare char-
acteristics of our attenders and transmission
pairs with those of other clinics in the area to
investigate this further.

We have used data drawn from the London
sample of the NSSAL to estimate the dis-
tribution, across sexual contact rate classes, of
individuals in the population from which cases
are drawn. The fieldwork for the survey took
place exactly around the midpoint of our period
of observation. However, the sample was se-
lected so as to be representative of the London
population as a whole. While the catchment
population of our clinic is difficult to define,
the population of the area in which the clinic
is located differs demographically from the
NSSAL sample. Our findings are quite sensitive
to differences in the sexual contact rate dis-
tribution in the population and this is a short-
coming of the results which we present.

A problem arises in the application of the
model when parameters from real people are
applied to it. We have treated the sexual contact
rate as identical to the number of sexual part-
ners which an individual has in a defined time
period, in this case one month. There is, how-
ever, an implicit assumption in the model that
the sexual contact rate should include only the
rate of acquisition of new partners who have
the possibility of being infected. Our op-
erationalisation of the sexual contact rate is
therefore problematic in that individuals who
have had, for instance, only one sexual partner
may have acquired no new partners during the
period. Then their risk of infection is de-
termined by the number of sexual contacts of
their partner in a defined period. This raises
the question as to how a parameter for the
effective contact rate might be operationalised.
We are currently attempting to achieve this
using a model which distinguishes regular and
casual or new contacts.

Despite these problems in sampling and
definition, we believe that our approach has
the potential to be used more generally in
attempting to study sexual mixing patterns and
the transmission dynamics of STDs. Our pre-
liminary results suggest some degree of as-
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sortativeness in the population sexual mixing
patterns. The strength of our approach is that
it can be used for a range of different STDs to
arrive at the same mixing matrix, thus providing
the potential for the validation of many of the
assumptions which we have made. Therefore,
we are currently collecting contact tracing data
for Chlamydia trachomatis from the same clinic,
and hope to use the same approach to validate
our findings from the gonorrhoea data in the
same population.

The value of mathematical modelling ap-
proaches to understanding the transmission
dynamics of STDs is crucially dependent on
an adequate knowledge of the sexual mixing
patterns within the general population. STD
contact tracing information provides an ap-
proach to the indirect measurement of these
patterns. Immediate priorities for research in-
clude studies to estimate reliably the trans-
mission probabilities and recovery rates for
different STDs, and more detailed exploration
of the sexual networks of infected and un-
infected individuals. As such work progresses,
we should arrive at a point where routine con-
tact tracing information combined with the
analysis of trends in the occurrence of STDs
will provide us with a detailed picture of the
sexual behaviour of populations, and the po-
tential to predict better new epidemics and to
develop more effective control strategies.

We would like to thank Alan Giles for his tremendous clerical
efforts without which this work would not have been possible.

Appendix

SENSITIVITY ANALYSIS AND CONFIDENCE
INTERVALS ON p

To assess the sensitivity of our estimates of the
elements py; of the mixing matrix given in
equation (15) we first write an expression for
the partial derivatives with respect to an ar-
bitrary parameter x, where x represents any one
of the parameters or variables in equation (15)
which we repeat here.

Pmi1 =

Mae No(By Yo B X
Mpif Nfl Vm Ymi Vg Xmi

B Yo B Xo
v Yo v X (!

15)

Writing F for the term in curly brackets and
C for the multiplier of that term we have:

1
Prit = R 41
6pmil= _a_(@ . (CF+ l>_2
Ox 0x
(e,
mil ax

Our estimates of m, B and v are likely to be
the most unreliable of the values we have used
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Table A1 Effect of varying certain parameter values on the estimates of mixing matrix elements

Baseline
(see table 5) (B../By) times 2 (B../By) times 0-5 M2l My = 8914 Mool My = 55118
Men:
P11 0-96 0-97 0-94 0-96 096
Pmi2 0-04 0-03 0-06 0-04 0-04
P21 0-88 0-90 0-88 0-96 0-78
P22 0-12 0-10 0-12 0-04 0-22
Pm31 0-94 0-95 0-93 094 0-94
Prm3z 0-06 0-05 0-07 0-06 0-06
Women:
Pr 0-94 0-95 0-93 0-94 0-94
[ 0-05 0-05 0-05 0-05 0-04
Pas 0-01 0-01 0-01 0-01 0-01
Pr21 0-91 0-70 1-23 0-91 091
Pr2 0-13 0-12 0-14 0-04 0-25
Prs 0-02 0-01 0-02 0-02 0-02

to solve equation (15). However, B and v occur
in F both in the numerator and the de-
nominator, and as part of a sum. Therefore it
is likely that the estimate of p is most sensitive
to changes in estimates of m.

Errors in the estimation of m may result from
small sample size and bias in the identification
of contact pairs. Errors will be greater for larger
values of p.

Table Al below presents some examples of
the effect on p of changing the values of selected
parameters in the model. Examination of (15)
shows that as far as the f’s and Vv’s are concerned
it is only the ratio of B, :B; and v,,:v; that are
important and furthermore, changing either
ratio is equivalent to changing the other. We
have therefore tabulated only the effects of
doubling and halving the ratio B: B

We have not tabulated the effect of changing
the parameter ratios Np/Np, X5/ Xn and Yy/ Y,
The value of p is most sensitive to changing
Ng/N;, which is estimated directly from the
NSSAL, as is X3/ X,;. The estimate of Y/Y,;
is based of fairly large numbers of total clinic
attenders, and the algebra shows that the mix-
ing matrix estimate will not be particularly
sensitive to changing this value.

The most problematic term iS Myp/Mpy-
This is estimated from a relatively small number
of identified gonorrhoea transmission pairs
(table 2), and will exert a significant effect on
the mixing matrix estimates. One of the most
interesting features of the results which we have
presented is the evidence to suggest preferential
mixing within stratum two individuals (those
with two partners in the last month). Here we
focus on p,,. In the results section we cal-
culated the values for p,,,; using the point es-
timate of m,,p/mM, ., equal to 11/72. It seems
reasonable to assume that both numerator and
denominator are distributed as Poisson random

Table A2 Centiles for the mixing matrix from Monte-
Carlo sampling

0-025 0-975

centile centile
Pmi1t 0-9164 0-9803
Pmi2 0-0197 0-0836
Pmz1 0-8159 0-9451
Pma22 0-0549 0-1841
Pm31 0-7583 0-9610
Pm32 0-0390 0-2417
Pr1 0-8981 0-9607
Prz2 0-0420 0-0487
Pris 0-0097 0-0123
Pe21 0-4268 1-0000
Pe2 0-0625 0-2097
Pes 0-0111 0-0685

variables, giving approximate 95% confidence
intervals of 4,18 and 55,89 respectively. We
have taken a pessimistic estimate of the con-
fidence limits of the fraction by varying both
numerator and denominator simultaneously in
opposite directions to give broad confidence
intervals of 4,89 to 18,55. Comparison with
the values expected under proportional mixing
assumptions (table 5) show that proportional
mixing is on the borderline of credibility with
respect to the gonorrhoea transmission pairs
data.

As an alternative method of assessing the
sensitivity of our solution to changes in the
parameters, we have done a Monte Carlo ana-
lysis of equation (15), with our uncertainty
about the true values of various of the para-
meters modelled as random variables as fol-
lows:

Bm ~uniform (0-5, 0-7)

B¢ ~uniform (0-7, 0-9)

Vi ~uniform (0-5, 2-0)

v¢ ~uniform (0-5, 2-0)

Yr1,25 Yma,2,3~Poisson, with rate estimate
from table 1.

mg; ~ Poisson, with rate estimate from table

Ninety five per cent confidence intervals are
given in table A2. The results show that the
mixing estimates are much more stable for the
lower activity classes. This is largely because
the estimates for p,; are based on m,;, and
m,, and these estimates are based on much
smaller numbers in the higher activity classes.
Again the values expected under proportional
mixing are on the borderline of credibility with
respect to the data.
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